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DEVIATIONS OF TRAJECTORY AVERAGES
AND THE DEFECT IN PESIN’S FORMULA
FOR ANOSOV DIFFEOMORPHISMS

STEVEN OREY AND STEPHAN PELIKAN

ABSTRACT. A large deviation theorem at the Donsker Varadhan level three is
obtained for the convergence of trajectory averages of Anosov diffecomorphisms.
It is possible to provide an explicit description of the rate function.

1. INTRODUCTION

This paper is concerned with the convergence of trajectory averages of certain
smooth dynamical systems. If f: M — M is a transitive Anosov diffeomor-
phism of a manifold A , the results of Bowen [B] imply the following.

For each continuous function ¢: M — R the trajectory averages of ¢, that is
the sequence i Eg_l @(f’(x)), converge to a constant for Lebesgue almost ev-
ery initial point x € M . This constantis [ ¢ du, where u is the Bowen-Ruelle-
Sinai measure. An equivalent assertion is that the measures % Zg" o i(x) CON-
verge weakly to u for Lebesgue almost all x.

We are concerned with estimating the probability that the nth trajectory
average differs from [ ¢ du; and in particular, with estimating the rate of ex-
ponential decay of the numbers

n—1 .
m{x: %Zq:(f’(x))eA} as n e o0o.
0

Here m is a normalized Lebesgue measure and 4 c R is some Borel set.

Our first conclusion, Corollary 4.7, is that for each continuous function ¢
there is a lower semicontinuous K?: R — [0,00] which describes these decay
rates in the sense that

n—1
limsupn_' logm {x: % Z o(f(x)) e A} < —inf{K?(t): t € 4}
n+—oo 0
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if A CR is closed and
. . -1 . l n-! J . "] .
ll'mg}fn logm {x. > ZO:(/J(f (x)) e A} > —inf{K"(t): t € A}
if 4 C R is open.
The second conclusion presented is that there is a lower semicontinuous func-
tion K defined on the set .#Z (M) of probability measures on M , and taking
values in [0, co] so that

(1) K¢(t)=inf{K(1/):ue%(M) and/(oa’V:t}.

In addition, the function K has an explicit representation

. —h — [¢"dv if v is invariant under f,

(ii) K(v) = { )= Jetdv ifvisi !
+ o0 otherwise.

Here h (f) is the metric entropy of f and ¢“(x) = —log|detD fI gl 18 the
negative logarithm of the determinant of D[ restricted to the unstable subspace
E" ¢ TM determined by f.

Recognizing — [ ¢" dv as the sum of the positive v-Lyapunov exponents x;’
of f, (ii) can be rewritten as

(i) h(N)+Kw) =Y T

In this formulation the “rate function” K can be seen to measure the defect
in “Pesin’s formula” ([P]), apparently due originally to G. A. Margolis, which

says,
N

In the language of the theory of large dev1atlons as set forth in [V], what
we show is that the sequence ®,(-) = m{x: i E f,(x) €}, n=1,2,...,
of measures on .# (M) satisfies a large dev1at10n principle with rate function
given by (ii). This result was suggested to us by remarks in [T].

Some concepts of large deviation theory are summarized in §2. In §3, the
facts required concerning hyperbolic dynamical systems are recalled, and §4 is
devoted to the proofs of our main results.

2. PRELIMINARIES ON RATE FUNCTIONS AND SHIFTS

Rate functions. A generalized dynamical system is (X,7,u) where X is a
topological space, T: X — X is a homeomorphism, and u is a Borel prob-
ability measure. Note that we do not require that x4 be T-invariant. The
probability measures on X will be denoted .#(X) and those invariant under
T by A£.(X).

If p: X — V is a map of X into a convex subset of a topological linear
space, set S (¢)(x) =1 Z: 90T/ (x). Forasubset AC V define

A, (A) = linrgg}fn log,u([x: S,(p)(x) € 4])
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and
A*(4) = limsup n~ " log u([x: S, (p)(x) € A]).

A function K:V + [0,00] is a rate function for (X,T,u) and ¢ if the
following conditions hold:

(1) —inf{K(a): a € A} < A,(A) for each openset ACV,

(2) —inf{K(a): a € A} > A*(A) for each closed set 4 C V,

(3) K is lower semicontinuous,

(4) {a: K(a) <t} is compact for each ¢.

If K is a rate function for (X,T,u’) and ¢ for every y in some index set
I', it is a uniform rate function for the family if the limits in the inequalities (1)
and (2) above hold uniformly for y €T .

When a rate function exists, it is unique. In our work below, V will be
compact and condition (4) will be trivially true.

We are particularly interested in establishing the existence of rate functions
where ¢: X — R is a continuous “observation”. One way to establish the
existence of rate functions for all ¢ € C(X,R) simultaneously is to show that
there is a rate function for the system (X,7,u) and the function J: X —
M(X) defined by é(x) = 6, =point mass at x, and then apply Proposition
2.1 below. This proposition is a variant of the “contraction principle” of [V],
see [O, Proposition 1.2].

2.1. Proposition. For i = 1,2 let (X,.,I",.,uf‘), X; € X;, be a family of dy-
namical systems, where X : C X,. Suppose ¢;: X, — V, are maps where V, is
a convex subset of a metrizable linear space. Suppose X, is compact and that
there exists a measurable map L: X, — X, so that wio L' = u"x‘ for all
x, € X; and L(X|) = X,, LoT, = T,o L. Also suppose there is a bounded
linear map M:V, — V, sothat ¢,oL =Mo¢, . Then, if K, is a uniform rate
function for (X,,T,,u}'), and 8, (for x, € X,), the function K, defined by
K, () = { mf{Kl('x). Mx =y}
+o00 ify ¢ range(M)

is a uniform rate function for (X,,T,, ,u;’) , and 6, (for x, € X;).

In case (X,7T,u) and the function x — J, has a rate function, we will
simply say that the system has a rate function. In this case the rate function
can be shown to have the value +oo off of the set /£, (X).

2.2. Corollary. Suppose N > 0 and that the system (X, TN,u) has a rate
function K. Then the system (X, y i , ) and the function

X NG 405+ +0m1,)

has a rate function K,, and K,(v) = K,(v) if v € My (X).
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Proof. Apply Proposition 2.1 to the following diagram:

N e d
x T x Eimi: M (X)
id id MW)=N"'w+T*v+--+(T*)¥""1v).
X — X M (X)
T~ X—=N=H s+ +drN-1,)

Note that M(v) =v on A y(X).

For future reference we record the following, which is a consequence of the
lower semicontinuity of rate functions and the fact that the average of the func-
tion ¢(x) =N _l(éx + -+ +0drn-1,) along trajectories of TV is also an average
of the function x — J, along trajectories of 7. That is, for each set 4,

en ST ST (x)) € Ay = {x: (Nn) T 0" 6y, € 43
2.3. Proposition. If (X T , 1) has a rate function K, for
$X) =N (0, + -+ ),
then (X, T ,u) has a rate function K, for the function J_, and K, = N_lK1 .

Shifts and measures. When M = {1,2,...,n} is a finite set given the discrete
topology, form Q = H‘f’oo M | and give Q the product topology and product
Borel algebra ¥ . Denote by &%, for m <n and m, n € ZU{-o0,00} the
smallest sub-g-algebra of # with respect to which the coordinate functions
w — w,; for m < i < n are measurable. The shift homeomorphism on Q is
o:Q+ Q defined by [0(w)], =w,_, -

If 4 is an n x n matrix with each entry equal to 0 or 1, define a closed
o-invariant subset of Q by £, = {w € Q:4, =1 forall i€ Z}. Such
subsets, equipped with the relative og-algebras & ., are called subshifts of finite
type.

For u € #(Q), denote by u(-|#,, ,)(w) the conditional probabilities of
4 given the g-algebra %, . A version w()(w) of u(:l%, ,)(w) is called a
family of regular conditional probabilities given ZM if for each w € Q the
function 4 — u*(A4)(w) is a probability measure on ¥ . We will always use
the notation v(-|G)(x) for conditional probabilities and v”(-)(x) or 1/; (+) for
regular condtional probabilties—the o-algebra being understood.

Gibbs measures. Equip Q (or X,) with a metric by defining d(w,n) =
Zf’foo 2"”(5;’)"[ . If ¢: Q — R is Holder continuous in this metric, there is a
Gibbs measure p, associated with ¢. It is the unique o-invariant measure
which satisfies the property:

There exist positive constants C, and C, and a number P(¢) so that for

each w e Q

c < 1y (C"(@))

<C2

- exp (—P((b)n + Z:_ltﬁ(aj(w)))
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where C"(w) = {n € Q: n;, =w; for i=0,1,2,...,n~—1}. For a reference
on Gibbs measures, see [B].
We will require the following result:

2.2. Theorem [OP, Theorem 3.2). Let (X,,0,u) be a subshift of finite type
with u a Gibbs measure for some Holder continuous function ¢:X, — R.
There exists a family u*(-)(w), @ € T, of regular conditional probabilities of
u given F_  such that the function K: #(Z,)— [0,00] given by

Ko | “h(@—[sdv+P@),  vedE,),
(V)—{ + 00 otherwise

is a uniform rate function for the family of systems (£ ,,0, u;(-)) , WEZ,.

It is the purpose of the next two sections to use the methods of symbolic
dynamics to “transfer” this result to the setting of Anosov diffeomorphisms.

3. ANOSOV DIFFEOMORPHISMS

Let M be a compact Riemannian manifold and f: M — M a transitive
C? Anosov diffeomorphism. That is, suppose the tangent bundle to M splits
in a continuous sum TM = E° + E* where there exist constants C > 0 and
A€(0,1) so that

(i) IDf"(x)-v|| < CA"||v|| forall n>0 and v € E,,
(ii) |Df"(x)-v|| < CA"||v|| forall n <0 and v € E*.
To fix notation we record some facts concerning Anosov diffeomorphisms.

(1) Stable manifolds. Through each x € M pass two C ! submanifolds Wx‘
and W;‘ tangent at x to the subspaces Ei and E)'c‘. These submanifolds are the
collections of points whose forward (backward) orbit under f approaches the
forward (backward) orbit of x . The foliations of M given by these manifolds
are invariant under f (leaves are mapped to leaves), and transverse.

(2) Local product structure. The local stable and unstable manifolds of x are

W x)={yeW :d(f'x,f'y)<eforall j=0,1,2,...}
and
W'x)={yeW": d(f'x,f'y)<eforall j=0, -1, -2,...}.

There exist ¢ and J so that if x, y € M satisfy d(x,y) <, then W;“(x) N
W:(x) consists of exactly one point, denoted [x,y]. Thus one obtains a home-
omorphism from a neighborhood of x in W"(x) to a neighborhood of y in
W*(y) for y in W*(x) near enough x, by setting

he ()= W )N W' D) =[p,)].

A theorem of Anosov [A] states that this homeomorphism is absolutely con-
tinuous with respect to Lebesgue measure (induced on Weu(x) and We”(y) by
restricting the metric of M to the tangent spaces of these manifolds and extend-
ing the resulting volume form to a measure). If m,_ and m, are the Lebesgue
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measures on W*(x) and W"(y), define a new measure /7 on a neighborhood
N of x in W¥(x) by m(A4) = my(hx y(A)). Anosov’s theorem says that m
and m_ are equivalent, and that in faét, the densities of one with respect to
the other are bounded and depend continuously on the point y.

(3) Markov partitions. A set R C M is called a rectangle if [x,y] € R
whenever x and y are in R and if, in addition, R = closure(interior(R)). If
R is a rectangle, the boundary of R comes in two pieces

8°R={x € R: x ¢int(W,(x)NR)},
°R={x€R:x ¢int(W'(x)NR)}.

A Markov partition of M is a cover of M by rectangle R,, R,,...,R, s0
that

(1) int(Ri)nint(Rj) is empty if i #j,

(i) f(O°R;) C U, 6CRJ. , forall i,

(iii) f~'(0°R;) U8R, , forall i.
For a detailed account of the existence of stable manifolds, local coordinates
and Markov partitions, consult [B] and the references found there. The the-
ory of Markov partitions provides, for each sufficiently fine Markov partition
X ={R,,...,R,} of M, a subshift of finite type Z,, and a continuous map
m:0,— M (onto) so that moo = fon. The subshift and map are, roughly,
defined as follows. For A take the n x n matrix defined by g, ;= 0 orl
according to whether int(R j) Nint(f(R;)) is empty or not. For w € X, the set

N, f (R w}) contains exactly one point x, and one defines #(w) = x. One
can show 7 is well defined, continuous, and onto. In addition, 7 is 1-1 except
at those points @ which map to the first category set U, f/(U,0R,).

Denote by ¢ the “partition” of M into sets having the form R, N We“(x) ,
for R, € Z ={R,,...,R,} amember of a generating Markov partition. Then
& is a partition of M modulo a set having zero Lebesgue measure: different
sets in ¢ can only intersect at a subset of |J; O R, which has Lebesgue measure
zero. This fact was established by Sinai [S1] and by Ratner [Ra]. We can
convert £ into a true partition by selecting a scheme for assigning points in the
common boundaries of two sets R, and R ; toone of these sets, and removing
them from the other. In what follows, we will consider conditional probabilities
given ¢. The theory of conditional probabilities given a partition (see [ME])
corresponds very closely to the theory of conditional probabilities given a o-
algebra. It will be convenient to continue to use the notation Vf for a version
of regular conditional probabilities given £ even when £ is a partition. This
should cause no confusion. Under the map n: X, — M, the algebra generated
by ¢ correspond to &__ .

(4) Conditional Lebesgue measure. If m is (normalized) Lebesgue measure
on M , the family of conditional measures of m given £, denoted m(-|£)(x),
is defined m-a.e. There is a second means by which we might try to construct
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such a family of conditional measures explicitly: restrict the metric of M to
TW*"(x), and determine a volume form on W"(x), extend this volume to a
measure, and finally restrict this measure to Cf(x) = the set of £ containing
x, and normalize it. Denote the result of this construction by m; . To see
that, for m-a.e. x, the measures m; and m(-[§)(x) restricted to C,(x) are
equivalent, it suffices to work locally (that is, in one particular rectangle R)),
and to verify that there is a constant K > 1 so that

/Rm;(Cé(x)ﬂA)dm(x)e/Rm(Cé(x)nA | &)(x)dm(x)- K", K],

independent of x, where 4 C R, is an arbitrary rectangle in R.

This would be immediate if the partition £ were a partition of a neigh-
borhood of 0 in R” into a family of k-dimensional “horizontal” planes. The
general case can be reduced to this one by constructing a “rectifying” homeo-
morphism as follows. Pick p € R and let ¢,: Al - Ws(p) , Oy A? W“(p)
be embeddings of disks A' ¢ R*, A’ ¢ R"™*, where k = dim(W*(p)),
n = dim(M), so that Range(¢,) = W’(p) N R, and Range(¢,) = W*(p)NR,.
Extend these functions to A' x A by setting ¢(x,y) = [#,(¥),¢,(x)]. Then
Anosov’s theorem says that for each fixed x (or y) the map y — ¢(x,y)
(or x — ¢(x,y)) is absolutely continuous. This observation and the uniform
hyperbolicity of f suffice to complete the proof.

4. THE MAIN RESULTS

Let f: M — M be a transitive C? Anosov difftomorphism, # = {R,, ...,
R,} agenerating Markov partition, and 7n: Z A M be as in §3. We require
that each set R, of the partition be so small that it lies entirely in one local
coordinate neighborhood. Define ¢"(x) = —log|det D f (x)' E,,(x)l and set ¢ =
p om.

The function ¢* is Holder continuous [B, Lemma 4.6] and ¢ inherits this
property, since there exist constants C and y so that for every w, n€ X,

d(n(w),n(n)) < C(d(w,n).

Thus ¢ determines a Gibbs measure z. This measure is characterized as the
unique o-invariant measure on X, at which the supremum (over o-invariant
measures v) of the function v — h (0) + [ ddv is attained.

Similarly, ¢" determines a Gibbs measure u characterized by

Plo*) = sup {111+ [ o*an: n e,

=N+ [ 0"du.

One may refer to [B, §10 and Theorem 4.1]. The measure u (denoted by u* in
[B]) is the Bowen-Ruelle-Sinai measure. In fact, u = n" &, (@) = u(¢"), and




748 STEVEN OREY AND STEPHAN PELIKAN

hﬂ(a) = hu(f) , so that P(¢) = P(¢"). For a proof see [R, §7.8]. Furthermore,
P(¢") = 0. (See [B, Proposition 4.8].)
In this section we prove the following:

4.1. Theorem. Let m be normalized Lebesgue measure on M . The gener-
alized dynamical system (M, f,m) has a rate function K: # (M) — [0,0]

given by
—h(N)-[o"dv ifved (M),

+ 00 otherwise.

K(l/)={

The proof proceeds in a number of steps. We begin with an overview. By
Theorem 2.2, there is a rate function which works uniformly for the measures
u*(-)(w), where " is a family of regular conditional probabilities of z given

—00,0 "

We can construct a version of u(:|&)(x) by defining u(A4|€)(x) to be
,u*(n_'(A))(n_’(x)) for u almost every x € M. This provides a rate func-
tion for u(-/¢)(x) as in Lemma 4.2. A result known to Anosov [A] (see also
[L]) says that u(:|€)(x) and m; are equivalent. Using the absolute continu-
ity of the maps h,, with respect to m’, and m; , we obtain estimates on
m{y: i 8_' d/ix) € A} for m-almost every x in M. Finally, the equiv-

alence of m; and m(-|¢)(x) is used to compute m{y: %Zg_l 6f, € A},
which completes the proof.

To simplify notation, write L,(x) for i Zg_l d/i(x) - Let D C M be the set

n
of points x € M for which n_'(x) is not a singleton. Thatis, D ={J, f7(6R),
where 0% = |J;0R;. Recall that u(D) = ﬂ(n_l(D)) = 0, as shown in [B,
Theorem 4.1], and that m(D) = 0, since m(0%#) = 0, as remarked above.
Fix regular conditional probabilities x*(-)(w) for & given F_ 0 0> and some
version of u(-|€)(x). For B C M, set

ﬂi(B)z{#EBlé_)l(x) ~ %fxeD,
pi(n” B)(n x) ifx¢D.

(x)

Then ﬂi is a version of u(-|&€)(x).

4.2. Lemma. Let (,ai) be a family of regular conditional probabilties of u
given & . There exists a set V C M with u(V) =1 such that there is a uniform
rate function K for the systems (M, f ,,ui), xeV. If ve#(M) satisfies
v(D) =0, then

0 K(u):{ —h,(f) - [9"dv ifv e (M),

+ o0 otherwise.

Proof. Since the Borel o-field on M is generated by a countable set and for
any Borel set A4, ﬂi(A) = ,ui(A) for u-a.e. x, the measures ﬂi and ui
coincide for all x outside a u-null set F. It will suffice to prove the lemma
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for the family ﬂi with V = M — D. The result for ui then follows with
V=M-(DUF).

First apply Theorem 2.2 to the family (£, 0, ,u;(-)) with ,u; as in Theorem
2.2. We have already noted that P(¢) = 0, and so we obtain the uniform rate
function
2 K,(v) { h,(o)—[odv fved,(Z),),

+ 00 otherwise.

Now apply Proposition 2.1 to the families (Z,,0,4.()), @ € 2~ (M — D)
and (M, f,il), x € M —D, where V, = #(Z,), V, = #(M), ¢, is the
map J6:X, — #(X,), (thatis d(w) = J,), and ¢, is the map x — 4, .
The function L: X, — M is n. The function M: V|, — V, is n*, defined
by n°(#) = von~'. Since 7 is continuous, so is t*. Since K, is uniform
on X, for weX,—n '(D),and n*(i)) = ﬂi(w) , we obtain a uniform rate
function K for (M, f,i%), x€ M —D. For v € #,(M), v € £,(M) with
n'v=v,onehas [@¢dv = [¢dv. Suppose that v(D)=0. Then n provides
a measure theoretical isomorphism between the systems (M — D, f,v) and
(z, - n_'(D) ,0,7). Consequently, h,(f) = h,(c), and the expression for K
given in the statement of the lemma follows from the expression for K, .

4.3. Lemma. Relation (1) holds for any v e/ff.

Proof. If v € M, but v(D) =0 is not assumed, the argument used in Lemma
4.2 gives

3) Kw)=-h,(f) - [ o"dv

where A, (f):= sup{h,(c): n"(#) = v}. The definition of % (f) involves the
mapping 7 and hence the Markov partition % ; however, formula (3) shows
that in fact it is independent of the choice of % . To prove the lemma we must
show that & (f)=h,(f). If v € /f and 7 € # with n*(7) = ¢, one sees
easily that 4, (o) > A (f), so that only the inequality

4) h,(f) 2 h,(f)

must be verified.

Using the fact that 4, (f) and A, (o) are affine functions of v and v re-
spectively, we see that the set of v for which (1) holds is convex. We exploit
this observation repeatedly. In addition, either because of Proposition 2.3 or
because of the property of entropy that says if n > 0 then A, (f ") = nh,(f),
we may verify the lemma with f replaced by some iterate f” .

Any v € /f can be written as a convex combination of v, and v, in /f
with v, (D) =0 and v,(D) = 1. In fact, we may assume that v,(0.%) = 1.
To see this, let S, = 8°(#) and U = d(Z)\S,. Set S; = f(S;), so that
§;,, CS;. The invariance of v, implies that uz(Sj a\S ;) = 0. It follows that
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U czS; differs from S_ = czS; by a vy-null set. After a similar argument
concerning U, we see that D=S__ U U_ differs from S _UU__ C 0% by
a v,-null set. Since v, satisfies (1) by Lemma 4.2, we need only show that (4),
or equivalently that (1), holds for v, .

To verify that (1) holds for v, we require a finite collection of generating
Markov partitions # = %,, Z%,, ...,%, with the property that the intersec-
tion of the boundaries of all the partitions is empty: ((0%,) = &. Such a
collection can be constructed using a slight modification of the construction of
Markov partitions given by Sinai [S2] in which a cover of M by rectangles
is modified an arbitrarily small amount to obtain a cover by rectangles whose
boundaries map in the way required of a Markov partition, and then these
rectangles are divided to produce a partition. Select a collection of covers of
M by small rectangles the boundaries of which are smooth, and so that the
intersection of the boundaries of the different covers is empty. (That a finite
number of covers suffices is seen by an argument about the dimension of the
intersections of the boundaries. In fact, since the final step of Sinai’s construc-
tion is a “cutting up”, which adds extra boundary, it is necessary to require
that slightly “extended” boundaries of the covers have intersections disjoint.)
Perform Sinai’s construction on the various covers moving them so little that
their boundaries still do not intersect.

Now v, can be written as a convex combination of measures v, each sup-
ported on the (disjoint) sets obtained as intersections of the form &%On&%’f 'n
8.%’2"2 n---N 6%:“ , where the exponents e, take values +1 and —1 and in-
dicate whether the set or its complement is to be used. Since the intersection
with all the e, = +1 is empty, each v_ gives zero mass to one of the sets 9.%, .
Using this partition %, and the argument of Lemma 4.2 to show that (1) holds
for v completes the proof.

4.4. Theorem. The system (M, f,u) has a rate function given by

— ()= [ dv ifvet (M),
+ o0 otherwise.

K(v) = {

Proof. Since u[L, € A] = fﬂi[L,, € Aldu(z), and for A closed (open)
Lemma 4.2 gives upper (lower) bounds for ,uf[Ln € A] which hold uniformly
for z outside a u-null set, the existence of the rate function follows. Also, the
formula for K(v) is a consequence of the two preceding lemmas.

4.5. Lemma. m; and u(-|€)(x) are equivalent, uniformly for x in a set of full
u-measure.

Proof. A proof of this lemma appears in Ledrappier [L], where weaker hy-
potheses than ours are assumed. One need only verify that Ledrappier’s proof
provides a uniform equivalence in the case of Anosov diffeomorphism.
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Define a metric on .# (M) by selecting a sequence {¢ j} in the unit ball of
C(M,R) and setting, for 4, v in # (M),

p(u,v) =27 \u(g)) - v(4))l.
j=0

If A Cc #(M) is closed, write, for d > 0, A = {v: dist(v,A4) < é}. If
AC.A# (M) isopen and 6 >0, set A; = {v: dist(v, (A (M)\A)) > 6} .

Recall that C,(x) denotes the set in £ containing x , and is uniquely defined
for x ¢ 0% . If x, x" lie in the same rectangle R; of % then the map A, X
takes C,(x) to C,(x) and is defined by &, () =[y,x'].

4.6. Lemma. For each & > O there is an N so that if x and x' belong to
int(R,) for some i, and n > N then:
(i) A ([z:L,(z€ A‘s)] N Cé(x')) D[z:L,(2z) e A]n Cé(x) and

(i) A, ([z: L,(z) € 451N Cx(x')) Clz: L,(z) € A]N Cy(x)

where in (i) A is closed and in (ii) A is open.

Proof. Postponed to the end of this section.

PrROOF OF THEOREM 4.1. Since u(R;) > 0 for each i, the sets R, NV are
all nonempty. (The set V is defined in Proposition 4.2.) For each closed set
AC.#(M) and x € M, select a point x' € ¥ which is in the interior of some
rectangle R, containing x. Denoting {y: L, (y) € 4} by [L, € 4], we have
for 6 >0 and n sufficiently large,

m([L, € A]|&)(x) <K, m:[Ln € A], by equivalence of m | £ and m”,
<Km(h, L, €4]), byLemma 4.6(i),
<K ,sz;,[Ln € AJ] , by Anosov’s Theorem,
< KKK u([L, € A°1| €)(x), by Lemma 4.5.

Here the constants K, are independent of x and x’'. Because x' € V and
K is a rate function for (M, f, u(-|)(x")) we have, for each J, ¢ >0 and n
sufficiently large, that

m([L, € 4] | &)(x) < exp(—n(inf{K(v): v € 4’} +¢)).
Thus, for each 6, ¢ >0,
limsupn™" logm[L, € A] = limsup n”! log/ mi[Ln € Aldm(x)

< —inf{K(v):ved}+e.

Since inf;_{—inf{K(v): v € 4°}} < —inf{K(v): v € 4}, by the lower semi-
continuity of K, this last inequality shows that K is a lower deviation function
for the system (M, f,m).
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If B C #(M) is open, we argue as above: If > 0 and »n is sufficiently
large,

m((L, € B] | &)(x) > K; 'm’[L, € B]
>K_lm‘( [L, € By])
>K K m (L, € B;]
> (K, K,K;) "' u((L, € B;] | &)(x').

Take x' € V and integrate m(- | ¢) as above to conclude that for each 6 > 0,
Iiminfn_llogm[Ln € B] > —inf{K(v): v € B,}. Since infboinfBJ(K(v)) <
inf (K (v)), this last inequality shows that K is an upper deviation function
for (M, f,m) as well, completing the proof of Theorem 4.1.

ProoF oF LEMMA 4.6. The proof depends on the following estimate (see
[B]): There exist constants C > 0 and y € (0,1) so that if y € Wes(x) and
j >0, then

d(f ), f(x)) <y Cd(y,x).

The proof of the assertions of the lemma reduce to proving that p(L,(x),L,(y))
goes to zero uniformly for x € M and y € W:(x) . Using the triangle inequality
one obtains the estimate:

T M
P(L,(x), L) <n” SN 27 1g (£ () - ¢, (F )]
k=0

j=0

3&

M

Z )= ¢,(S 0

o Z
k=0

First select M so the last term is small. Then select § so that | fj(t) —¢ j(s)l
is small when d(s,t) < é for j =0,1,2,...,M. Finally pick T so that
d(f'(x),f (y)) <6 when x € M, y € W'(x) and j > T. This makes the
second term small. Then pick n so the first term is small.

Z 2719, (S () = &, (S ).
=M+

j= 1

4.7. Corollary. For each continuous ¢: M — R there is a function KR
[0, oo] whzch is a rate function for the convergence of the trajectory averages
n! Yé(f'(x)). In particular, for each ¢ and &> 0,

m{x

n—1 )
n Yo ) - [ pdu
0

> s} decays exponentially as n — oo.

Proof. Theorem 4.1 and the “homomorphism theorem,” Proposition 2.1, fol-
lowed by an appropriate selection of the set 4 in the definition of deviation
function.
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Remark. Theorem 4.1 provides more evidence in favor of a conjecture by Taka-
hashi [T] which states that a system is structurally stable if it has a rate function
which is an affine map.
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